Abstract. Trap models are intuitively appealing and often solvable models of glassy dynamics. In particular, they have been used to study aging and the resulting out-of-equilibrium fluctuation-dissipation relations between correlations and response functions. In this note I show briefly that one such relation, first given by Bouchaud and Dean, is valid for a general class of mean-field trap models: it relies only on the way a perturbation affects the transition rates, but is independent of the distribution of trap depths and the form of the unperturbed transition rates, and holds for all observables that are uncorrelated with the energy. The model with Glauber dynamics and an exponential distribution of trap depths, as considered by Barrat and Mézard, does not fall into this class if the perturbation is introduced in the standard way by shifting all trap energies. I show that, surprisingly, a very similar relation between response and correlation nevertheless holds for the out-of-equilibrium dynamics at low temperatures. This points to intriguing parallels between trap models with energetic and entropic barriers.
Introduction
Trap models consist of a single particle, or equivalently an ensemble of non-interacting particles, hopping in a landscape of traps of energy E. Such models have been studied extensively and shown to account qualitatively for many interesting features of glassy dynamics, see e.g. [1, 2, 3, 4, 5, 6, 7, 8, 9, 10] . In the simplest case the rates for transitions from one trap to another depend only on the energies of the two traps. One then has a mean-field trap model, where no information on any spatial organization is retained. This is the case that will concern us here; for work on spatial trap models see e.g. [11, 12, 13, 14] .
A trap model is defined by a distribution ρ(E) of trap energies; the convention for the sign of E is here that lower E corresponds to deeper traps, which is the reverse of that in e.g. [4] . The primary dynamical quantity is then P 0 (E, t), the distribution of finding the particle in a trap of energy E at time t; the subscript 0 indicates that for now we are considering the dynamics without any perturbing fields. The evolution of P 0 is given by the master equation ∂ ∂t P 0 (E, t) = −Γ 0 (E)P 0 (E, t) + ρ(E) dE
where w 0 (E ← E ′ ) is the rate for transitions between traps of energy E ′ and E. More precisely, if one considers a finite number of traps N, the transition rate from trap i to j is (1/N)w 0 (E j ← E i ); the total rate for transitions to traps in the energy range E < E j < E + dE is then w 0 (E ← E i ) times the fraction of traps in this range, which is ρ(E)dE for large N. The quantity
in (1) is the total "exit rate" from a trap of energy E. Two specific instances of trap models have received considerable attention in recent years. Bouchaud [1] chose for his trap model ρ(E) = T −1 g exp(E/T g ) with E < 0. For any choice of transition rates that satisfies detailed balance, the model then has a glass transition at T = T g since the equilibrium distribution P eq (E) ∝ ρ(E) exp(−E/T ) becomes unnormalizable there. For lower T , the system must show aging, i.e. a strong dependence of its properties on the waiting time t w elapsed since it was prepared in some initial state. Bouchaud [1] assumed transition rates w 0 (E ′ ← E) = exp(βE) that are independent of the energy of the arrival trap; here β = 1/T as usual. Barrat and Mézard [2] chose instead Glauber rates
As emphasized by Ritort [10] , the out-of-equilibrium dynamics of these models is rather different: in the T → 0 limit, the Bouchaud model with its activated dynamics arrests completely. In the Barrat and Mézard case, on the other hand, the system can keep evolving by transitions to traps with ever lower energies; the diminishing number of such traps effectively creates entropic barriers that slow the relaxation.
Correlation and response
We now want to consider the correlation and response properties of some, essentially arbitrary, observable m. In the most general terms the properties of this are described by the distributions ρ(m|E) of m across traps of given E. I will assume throughout that m is on average uncorrelated with E, so that its conditional mean
vanishes for all E; the variance
however can be dependent on E. With m included, the master equation is
where the rates w(E, m ← E ′ , m ′ ) may now depend on a perturbing field h conjugate to m, and the total exit rates are
An expression for the correlation function of m is easily found. In the absence of a field, w(E ′ , m ′ ← E, m) = w 0 (E ′ ← E) and Γ(E, m) = Γ 0 (E) are independent of the value of our observable. Equation (6) then shows that P (E, m, t) = ρ(m|E)P 0 (E, t) as long as the same is true at time t = 0. (This is a natural assumption and holds e.g. when P (E, m, 0) is an equilibrium distribution at zero field and some initial temperature above T g , from which the system is quenched to T < T g at t = 0.) For our zero mean observables (4) this implies in particular that m(t) = 0 at all times. The two-time correlator of m is then
Here P 0 (E, m|E ′ , m ′ , t − t w ) is the propagator, i.e. the probability of being in a trap with energy E and observable m when starting from a trap with E ′ and m ′ a time t − t w earlier. This can be obtained as the solution to (6) starting from the initial condition
Since the correlation function is calculated in the absence of a field, the only nontrivial m-dependence in (6) arises from the factor ρ(m|E). Treating the second term on the r.h.s. of (6) as an inhomogeneity one thus sees that
where the dots indicate factors not involving m. Inserting into (9) and using the zeromean assumption (4) then yields the simple representation
for the correlation function. This makes sense: physically, every hop completely decorrelates the observable, so that C is an average of the probabilities exp[−Γ 0 (E)(t − t w )] of remaining in the current trap, weighted by the probability of being in a trap of energy E at time t w and multiplied by the variance of m across traps of this energy. To find the response, consider a field impulse of amplitude h and infinitesimal length ∆t , applied at time t w . Denote
the change in the transition rates caused by the field, and ∆Γ(E, m) similarly the change in the total exit rates; h-dependences are not written explicitly here. Then from the master equation (6), and using that P (E, m, t w ) = ρ(m, E)P 0 (E, t w ), one has
where the effects of the field have been explicitly separated off in the last two lines. After time t w + ∆t , when the field is switched off again, the same argument that lead to (10) applies and so
for t > t w + ∆t with the dots again indicating factors independent of m; in the exponent I have approximated t − t w − ∆t ≈ t − t w since we are interested in the limit ∆t → 0. To find m(t) , from which the response function is obtained, one inserts (13) into (14), multiplies by m and integrates over m and E. All terms of the form ρ(m|E) × . . . give a vanishing contribution due to (4) . Only the last two lines of (13) thus survive, and the two-time response function can be written as
So far this applies for arbitrary field amplitude h, so that R(t, t w ) is in general a nonlinear response function, but we will specialize to the linear response limit h → 0 below.
Multiplicatively perturbed rates
To get concrete expressions for the response function one needs to define how the field h affects the transition rates. The natural prescription is that all energies are shifted according to the value of the observable, E → E − hm and
More generally, one can consider rates perturbed by the field according to [4] 
which reduces to the "natural" choice for ζ = 1 but also maintains detailed balance for other values of ζ. To linear order in h one then has
and the corresponding change in the exit rates (7) is
Using again the zero mean assumption (4), the first term in square brackets vanishes, giving with (2)
One can now substitute (18) 
From (11), the first term in square brackets is seen to give −βζ∂C(t, t w )/∂t. For the second one, one notes from (11) and (1) that
which apart from prefactors is just the second term in (21). Thus, for any mean-field trap model with the multiplicatively perturbed rates (17) , and any zero-mean observable, one has the result given by Bouchaud and Dean [4] for Bouchaud's trap model, and recently by Ritort [10] for the Barrat and Mézard model,
The above calculation shows that this relation holds entirely independently of the precise form of the trap depth distribution ρ(E) or the transition rates w 0 (E ′ ← E). In equilibrium, where C(t, t w ) is a function of t − t w only, it of course recovers the usual fluctuation-dissipation theorem (FDT), R(t, t w ) = β∂C(t, t w )/∂t w . Equation (24) applies in particular to (zero-mean) neutral observables [9, 15] , where m is completely decoupled from E and therefore ρ(m|E) is independent of E. It remains true also for more general observables, however, as long as they have zero conditional mean (4).
The Barrat and Mézard model
Next let us turn to the Barrat and Mézard model. One again has to make a choice regarding the effect of the field on the transition rates. Ritort [10] argued that the multiplicative form (17) is appropriate, which then leads again to the result (24). I consider here the standard prescription which assumes that the field shifts all energies. From (3) the change in the rates is then
This is significantly different from zero only for E ′ within a range of order max{T, |h(m ′ − m)|} around E; see figure 1. If this range is small compared to T g , which is true for T ≪ T g and small fields h, then in
we can to leading order replace E ′ by E in the factor ρ(E ′ ); the same is true for the first factor if we assume that ρ(m ′ |E ′ ) varies with E ′ at most on the same scale (∼ T g ) as 
, which from figure 1 is geometrically obvious, together with (4) one thus finds
The same argument can be applied to the integral in the second term of (16), as long as we are in an out-of-equilibrium regime where P 0 (E ′ , t w ) varies with E ′ on a scale of T g , rather than T as it would in equilibrium. This gives to leading order
One can now insert (27,28) into (16); after carrying out the m-integration and simplifying one sees that both terms give the same contribution. Dividing by h, the linear response function is therefore
Although I had implicitly assumed an exponential ρ(E) above, this result obviously remains valid also for other ρ(E), as long as T is much smaller than the energy scale over which ρ(E) and ρ(m|E) vary significantly. Comparing with (11) ρ(E) = T −1 g exp(E/T g ) such a relation does exist. For low T one can approximate the transition rates by a step function, w 0 (E ′ ← E) ≈ Θ(E − E ′ ) and the total exit rates are
Thus, comparing (11) and (29) gives
Surprisingly, this is very similar to the result (24) which one obtains for Bouchaud's model in the most natural case ζ = 1: the only difference is in the prefactor, which is 1/T for Bouchaud's model but 2/T g for the Barrat and Mézard model considered here. A simple application of (31) is to the case of a neutral observable, with ∆ 2 (E) = 1 (say) independently of E. Then from (11) one sees that C(t, t w ) is the hopping correlation function, i.e. the probability of not leaving the current trap between t w and t. This was worked out by Barrat and Mézard [2] for T → 0, with the result that C(t, t w ) = t w /t for long times. Equation (31) then yields R(t, t w ) = (2/T g )t w /t 2 ; the integrated response which measures the effect of a step change in the field at time t w follows as
A fluctuation-dissipation plot [15, 16, 17, 18] of χ versus C therefore has a parabolic shape. The above calculation shows that this result is exact for the Barrat and Mézard model in the limit T → 0; it is also consistent with simulation results as shown in figure 2 . As is clear from the analogy between (31) and (24), only a different prefactor results [10] if one assumes the simple multiplicative perturbation (17) of transition rates with ζ = 1.
Conclusion
In this paper I have considered mean-field trap models, which are simple and intuitive models of glassy dynamics. I showed briefly that a relation between out-of-equilibrium correlation and response functions in these models, first given by Bouchaud and Dean, is valid for a general class of mean-field trap models; it requires only that the transition rates are affected in the simple multiplicative way (17) by an applied field. I then considered the Barrat and Mézard model, which has Glauber dynamics and an exponential distribution of trap depths. If one assumes that the effect of a field is to shift the energies of all traps according to the usual prescription E → E − hm, then the effect on the transition rates is not simply multiplicative. Nevertheless, an explicit calculation shows that for the out-of-equilibrium dynamics at low T a relation very similar to that given by Bouchaud and Dean holds.
Comparing the above results for the Barrat and Mézard model with those for Bouchaud's model (with the natural choice ζ = 1), one notes two intriguing parallels for the low-temperature out-of-equilibrium dynamics. Firstly, both models give FDT plots with a slope ∂χ/∂C which tends to zero in the limit of well separated times t and t w where C → 0; see e.g. [9] . (For the Barrat and Mézard model with a neutral observable this follows trivially from the parabolic shape (32); for other zero-mean observables ‡ it can be deduced by applying the arguments of [10] to the relation (31).) Second, the value of the susceptibility itself in the same limit is χ ∞ = 1/T g in both models for neutral observables; see again (32). This is precisely the value that one would expect if, as T is lowered, χ ∞ "freezes" at T = T g and remains independent of T for T < T g . For Bouchaud's model this T -independence can indeed be shown [10] ; for the Barrat and Mézard model the result χ ∞ = 1/T g found above for T → 0 strongly suggests that χ ∞ is likewise T -independent for 0 < T < T g . Even though the slow out-ofequilibrium dynamics in the two models is very different, being caused by activation over energy barriers for Bouchaud's model and by entropy barriers for the Barrat and Mézard model [10] , we thus have the intriguing observation that some features of response and FDT are shared. It will be interesting to explore whether this correspondence extends to other properties, and possibly other trap models.
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Appendix: Simulation method
To simulate any mean-field trap model, one can use that in the limit N → ∞ no trap is visited twice, so that E and m can be sampled anew at each transition and no explicit population of traps needs to be maintained. The probability for making a transition from a trap with (E, m) to one with (E ′ , m ′ ) is
and contains Γ(E, m), the total exit rate from the current trap, as a normalization factor; see (7) . Now specialize to the Barrat and Mézard model, with ρ(E) = exp(E), E < 0 and a neutral observable for which I take ρ(m|E) ≡ ρ(m) as a zero mean, unit variance Gaussian independently of E. The transition rates at T = 0 are w(E ′ , m ′ ← E, m) = Θ(E − hm − E ′ + hm ′ ). Integrating over E ′ in (33) then gives
Dividing this by (33) then gives
which is just an exponential distribution over −∞ < E ′ < E − hm + hm ′ . One can thus sample from (33) by first sampling m ′ from (34), which is a Gaussian with unit variance and mean h; after that one samples E ′ from (35). The total exit rate follows e.g. from normalization of (34) as Γ(E, m) = exp(E − hm + 1 2 h 2 ). The results shown in figure 2 were obtained for a quench from T = ∞ at t = 0, corresponding to the initial condition P (E, m, 0) = ρ(m)ρ(E), and averaged over 5×10 7 runs. Direct simulations with a population of N = 10 8 traps yielded equivalent results, though one needs to be aware of finite-N effects which become more acute for low E because of the exponential decrease in the population density ρ(E).
